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Challenge 

Find the best arrangement of numbers 1,2,…,20 on a dartboard. 

 

Possibilities 

• There are 1810!20 ≈  distinct arrangements. 

• There are 1710
202

!20
≈

×
 distinct cyclic groups. 

 

Constraints 

• Penalise mistakes by over-ambitious players (Gamlin). 

• Alternate odd and even numbers (Eastaway & Haigh). 

• Impose rotational quasi-symmetry. 



Notation 

Define cyclic group { }2021 ,,, xxx K  and 200 xx =  for convenience. 

 

 
 

{20,1,18,4,13,6,10,15,2,17,3,19,7,16,8,11,14,9,12,5} 



Differences 

Maximise the p-norm 
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• ( ) 112
1040!10 ≈  cyclic groups achieve 200max

1
=d . 

• Unique cyclic group achieves 642,2max
2
=d . 

   

None of these solutions satisfy the parity constraint. 

Differences do not penalize mistakes by over-ambitious players. 



Singmaster’s Dartboard 
 

 
 

{20,1,19,3,17,5,15,7,13,9,11,10,12,8,14,6,16,4,18,2} 
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Central Sums 

Minimise the p-norm 
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s  where 211 −+= −iii xxs . 

 

• Several cyclic groups achieve likely minimum 18
1
=s . 

• Unique cyclic group achieves 18min
2
=s . 

 

Likely none of these solutions satisfy the parity constraint. 

Aggregate measures do not impose rotational quasi-symmetry. 



Examples with ||s||1=18 
 

      20     19     18    17     16   15     14  13    12     11 

 

   1      2   3     4       5    6      7   8     9          10 

( ) ( ) 1811802 =×+×  

 

      20     19     18    17     16   15     14  13    12     11 

 

   1      2   3     4       5    6      7   8     9          10 

( ) ( ) ( ) 182812010 =×+×+×  



Better Measure 

Minimise the maximum norm 
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subject to the parity constraint 

 

Z∈
2
is . 



Theorem 

Unique parity-constrained cyclic group achieves 2min =
∞

s . 

{20,1,18,5,14,9,10,13,6,17,2,19,4,15,8,11,12,7,16,3} 

 

Proof 

20    18     16   14          12      10     8       6   4     2 

   

 1     3       5    7      9      11    13     15   17         19 

All pairs of even and odd numbers that sum to 19, 21 or 23. 

Remove 8 edges to ensure that each vertex has degree 2. 

Must remove all internal edges to ensure a cyclic group. 



The Optimal Dartboard! 
 

   
 

Current (left) and proposed (right) dartboard designs. 
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Summary 
 

           maximise        minimise 
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 Gamlin’s 
 dartboard    198  2,478   52   182  5 
 
 Singmaster’s 
 dartboard    200  2,642   18   18   1 
 
 Percy’s 
 dartboard    198  2,588   36   72   2 
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