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TWO-DIMENSIONAL GEOMETRY

Spherical /Elliptic Euclidean Hyperbolic

b
S? E?
positive curvature flat negative curvature
A>T A=m A<T
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THREE-DIMENSIONAL GEOMETRY

William Thurston (1946-2012) Grigori Perelman

Eight 3—dimensional geometries:
S3 E3 m3
S?xR  H?xR
SLo(R)  Nil  Sol
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NON-EUCLIDEAN GEOMETRY

He talked of his dreams in a strangely poetic fashion; making me
see with terrible vividness the damp Cyclopean city of slimy green
stone — whose geometry, he oddly said, was all wrong — and hear
with frightened expectancy the ceaseless, half-mental calling from

underground: “Cthulhu fhtagn”, “Cthulhu fhtagn.”
— H P Lovecraft, The Call of Cthulhu (1926)
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KNOTS

A knot is an embedded circle in 3—space.
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KNOTS, KNOTS AND MORE KNOTS

There are 1701936 prime knots with up to 16 crossings.

The First Crossings Number Crossings  Number

1,701,936 0 7 9 29

Knots 1 0 10 165
2 0 11 552
3 1 12 2176
4 1 13 9988
5 2 14 46972
6 3 15 253293
7 7 16 1388705
8 21

J Hoste, M Thistlethwaite, J Weeks, The First 1701936 Knots,
Math. Intelligencer 20 (1998) 33-48
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INVARIANTS

It's not always easy to recognise which knot is which.

We need sophisticated techniques to compare and distinguish knots
that might be the same.

e Colouring number o Kauffman bracket (K)
@ Alexander polynomial Ak o Genus

o Conway polynomial Vg o Fibredness

o Jones polynomial Vj ° ...
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KNOT COMPLEMENTS

Study the space around the knot instead.

o
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KNOT COMPLEMENTS

Thurston discovered that the space around a knot (S3\ K) has a
canonical geometry.

In “most” cases this geometry is H3.
The exceptions are torus knots and satellite knots

Of the first 1701936 knots, only 12 are torus and 20 are satellite.
The other 1701904 have complements with finite volume.
This hyperbolic volume vol(K) € R™ is a powerful invariant.
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